Abstract. -The coherent Fluorescence Resonance Energy Transfer (FRET) combined with Scanning Near-Field Optical Microscopy (SNOM) are proposed for the creation of complex and nonlocal entangled states involving hundreds of atoms. Micro-and milli-second decoherence times of the electron excitation occur for rare-earth dopant ions in crystals at low temperatures, and we show that the characteristic coherent FRET distances for such systems are of the order of 20 nm. Thus, both position and time precision necessary for the quantum manipulation can be attained by modern SNOM technology. Potential applications for quantum computing are discussed.
Fluorescence Resonance Energy Transfer (FRET) is a well-known and broadly used phenomenon having numerous and important applications in physics, biochemistry, nanotechnology, etc. Its theory is also well established (see [1] [2] [3] for general reviews), and, from a quantum-mechanical point of view, it supposes completely incoherent and irreversible transition between the states |1 = |D * A and |2 = |DA * , which is governed by the Fermi golden rule. (Here D, A mean donor and acceptor, and the asterisk indicates the location of the excitation). This can be explained by the fact that due to interaction with the environment both donor and acceptor can be viewed as composite quantum systems, which contain a large number of sublevels. After the "primary" energy transfer occurs from one sublevel of the donor to that of the acceptor, the excitation energy redistributes very rapidly amongst the manifold of acceptor sublevels rendering the whole process incoherent and irreversible.
A coherent and reversible FRET process is theoretically possible and can be realized not only for free atoms and molecules, but in some cases for the solid state as well. Indeed, it was demonstrated that at sufficiently low temperatures (of the order of ∼ 1 K), the homogeneous width of the zero phonon line of many impurity centers in appropriate crystalline matrices [4, 5] as well as glasses [6] , is determined by the radiative decay time T rad or is close to it. This means that the optical dephasing time, or the transverse relaxation time T 2 , is of the same order or even larger than T rad . For example, an extremely large optical dephasing time T 2 = 2.6 ms was reported for the [7] . Even for the dipole allowed f -d transition of the bivalent europium ion in a calcium fluoride crystal, a large value T 2 = 40 ns was measured [8] . Of course, such large optical dephasing times imply very narrow spectral lines, but there are many possibilities to adjust the spectra of the donor and of the acceptor using external electric or magnetic fields (see below).
Nevertheless, coherent FRET is practically never considered in the literature. Instead, for a system composed of identical particles like atoms, one considers how the stationary energy levels of one particle are modified by the so-called resonance interaction [9, 10] . This interaction is very important in a number of physical processes such as, for example, exciton propagation in solids [10] or the Dicke effect [11] . Recently, the details of this interaction were considered also when quantum computing was proposed for systems formed by atoms (ions) in traps [12] or by coupled quantum dots [13] . The reason why only the stationary picture instead of the dynamic FRET is considered for such two-level quantum systems, seems clear. First, there is no noticeable Stokes shift between the absorption spectra of undistinguishable "donor" and "acceptor". Secondly, the small interdipole distance, which is necessary to observe the excitation transfer (a few tens of nanometers at most; see below), apparently makes such a consideration meaningless: one is unable to excite only the donor without the simultaneous excitation of the acceptor. However, recent progress in the Atomic Force Microscopy (AFM) and Scanning Near-field Optical Microscopy (SNOM) techniques makes this consideration timely. In the present study we consider a coherent FRET for a system consisting of single donor and acceptor centers divided between the sample and the AFM/SNOM tip ( fig. 1) . One is able to excite the donor at a large distance from the acceptor and then bring it to close proximity of the latter using the controllable motion of the AFM tip. We show that coherent SPM-controlled FRET enables to perform well-defined quantum operations with the donoracceptor system. We will mostly focus on the preparation of complex nonlocal multiparticle entangled states. Other possibilities of the coherent SPM-controlled FRET, such as quantum computing and teleportation, will be briefly discussed.
Let us start from the most general description of the FRET process (which is neither completely incoherent nor fully coherent) using the density matrix formalism for the threelevel system |1 = |D * A , |2 = |DA * , |3 = |DA [1, 14, 15] :
Here, V 12 = V 21 = 1|V dd |2 is the matrix element of the donor-acceptor interaction described by the Hamiltonian
A is the dipole moment of acceptor; cgs units are used throughout the paper). γ 1,2 are the radiation decay rates of donor and acceptor, respectively, Γ 12 = 1/T 2 is the decoherence rate and ∆E is the energy difference between the |1 and |2 levels. Note that system (1) in itself is to be derived starting from the quantum-mechanical consideration of two dipoles resonantly interacting with each other via virtual photons of a cavity (FRET) and non-resonantly interacting with the environment (decoherence and level broadening). Similar procedure has been fulfilled for usual non-coherent FRET in [14, 16] , and the paper describing the most general case is currently in preparation by us. Here shown as a modification of the Scanning Near-field Optical Microscope utilizing the optical fiber, at whose tip the donor center D is introduced. b) Schematic of the preparation of nonlocal multiparticle entangled states. The donor center located in the tip apex is excited by the laser pulse and then scanned along the sample surface. The trajectory of the SPM tip is shown; π-pulses are applied when the probe is close to the Ai centers thus "entangling" D, Ai ions. For example, for the system composed by the donor and two acceptors we first (during the D-A1 approach) apply the π/3-pulse and then (during the D-A2 approach) apply the π/2-pulse thus preparing the state
. c) Schematic of how to perform the CCNOT operation for quantum computing. First, the centers Ai, D are excited by external laser π-pulses, the intercenter distances are large enough for them to be independently addressed by means of the usual far-field or near-field optics. These centers are considered as qubits occupying the state |0 if unexcited and |1 if excited. The trajectory of the SPM tip is shown; π-pulses are applied when the probe is close to Ai centers. The D center will remain excited if and only if both A1, A2 centers were initially excited; whence the Controlled Controlled NOT operator named also XXOR operator or Toffoli's gate [17] . More complex version of this device (containing many A and D centers) can be viewed as a full analogue of the DiVincenzo's gedanken gearbox quantum computer [18] .
To introduce the main concepts and ideas about coherent FRET, we can use a simpler approach. In what follows we will consider the limit when ∆E = 0 and the decoherence time T 2 is large, so one can neglect it together with the radiative decay times γ −1 1,2 . Justification of the possibility to neglect Γ 12 , γ 1,2 is evident, while the possibility to adjust the value of ∆E can be illustrated by the following example. For the aforementioned
SiO 5 crystal (T 2 at liquid-helium temperatures for this crystal was measured to be about 250 µs [19] ), the difference of dipole moments in the ground and excited states is ∆µ ≈ 3·10 −31 C · m [20] . The typical inhomogeneous width of this transition ∆Ω ≈ 10 GHz [21] implies that it is sufficient to apply an electric field of the strength F = h∆Ω/∆µ ∼ 200 kV/cm to be able to "scan" the spectral line of any particular ion throughout the full inhomogeneous spectrum width (here we put = 10 as the typical crystal static dielectric constant). Such an electric field can be routinely obtained when applying a voltage of ∼ 10 V onto the metal-coated SNOM tip with the radius of curvature of ∼ 100 nm [22] .
With these assumptions, eqs. (1) can be easily solved analytically. The solution, consistent with the initial conditions ρ 11 = 1 and ρ 22 = 0 reads:
The electronic excitation oscillates between the two states with the period T FRET equal to (V 12 /πh) −1 :
Here we introduced a geometrical factor κ, which takes into account the mutual orientation of both dipoles, an overlapping factor α, which takes into account a non-perfect overlap of donor and acceptor spectra, and an explicit dependence of the near-field donor's electric field on the distance r [1] [2] [3] 
The results of extensive numerical calculations for the full system (1) (to be published elsewhere) are in complete agreement with this simple model when all the relevant parameters ∆E, Γ 12 , γ 1,2 are small but finite. To be able to observe such a coherent FRET process, the T FRET value should be smaller than both T rad , T 2 values. Using the explicit value for the radiation decay time
[23], the following condition for the interparticle distance is obtained:
(The coefficient η ∼ = 1 takes into account the possibility that the transverse relaxation time can be smaller than the radiative decay time: T 2 = ηT rad .) The above condition is completely different from that describing the Förster radius R 0 for usual incoherent FRET [1] [2] [3] . In particular, the Förster radius for coherent FRET depends only on the ratio of the donor's and acceptor's dipole moments but not on their absolute values. This fact enormously widens the range of fluorescence centers, which can be used as appropriate donor-acceptor pairs in comparison to the incoherent FRET case. For example, it is quite possible to use the aforementioned Eu-Eu ion pair to observe the coherent FRET. However, using the same rather weak transition of the Eu 3+ ion for the usual FRET as an acceptor is impossible [1] [2] [3] . Moreover, one can also use magnetic dipoles m D as donors and acceptors: considering this case results in the same estimation of the characteristic FRET radius. By the same token it can be understood that a quadrupole-quadrupole Q-Q donor-acceptor pair (numerous quadrupole transitions are known for rare-earth ions [24] (5); thus using the same parameters as above one obtains R 0 = 125 nm. The main physical reason why the coherent FRET is much more effective than the incoherent one can be most easily understood in the terms of a quantum Zeno effect. The coherent FRET is an "environment interaction-free", i.e. "measurementfree" quantum process whose laws are given by eqs. (2)- (5). While an environment interaction ("measurement" of a quantum state, in this case mostly performed by phonons) is on, the quantum transition rate becomes much smaller (cf. the consideration given for the two-level system in [25] ) resulting in a drastic decreasing of a Förster radius.
To illustrate the possibilities of using the coherent SPM-controlled FRET for the quantum manipulations of the donor-acceptor system, let us consider the following examples (see fig. 1 ). We will start from the preparation of nonlocal entangled states. First, a short laser pulse excites a donor (e.g., a trivalent europium ion) located in the SPM tip. The acceptor is located at this moment far from the donor and is thus unaffected. We then apply the highvoltage (HV) driving pulse U (t) onto the probe carrying piezo in such a manner that the tip first approaches and then moves back from the sample so that the donor-acceptor distance is given by the function r(t). An evolution of the quantum system in hand can be described by eqs. (1) interaction; here α(t) takes into account the changes of the mutual orientation of the donor and acceptor upon approach. If the applied pulse is such that once it is over the relative donor-acceptor distance is again large enough, we will obtain the interaction-free system, which occupies an entangled and nonlocal state in the basis of |1 , |2 .
If, for simplicity, we neglect the time dependence of the mutual donor-acceptor orientation and consider the sufficiently short and "quasirectangular" HV pulses, the final state of the system can be written explicitly in a very simple way: ψ = cos(φ/2)|1 + sin(φ/2)|2 , where
Thus, for the case when φ = π the system will be found in state |2 (the complete energy transfer takes place), while when φ = π/2 or φ = 3π/2 the system will be found in the fully entangled, or Bell states |B1 = (|1 − |2 ), respectively. By analogy with NMR and laser spectroscopy we will name these pulses π-pulse, π/2-pulse, etc.
With the values of the parameters involved, i.e. nano-and micro-meter relative distances and micro-second pulse duration, such procedures are quite feasible with modern Scanning Probe Microscopy. For example, for the initial donor-acceptor distance of 2 microns, which is quite sufficient to realize not only the selective near-field optical excitation of donor, but also its selective far-field optical excitation, and a typical piezocoefficient of 10 nm/V, for the aforementioned example of the d-d coherent FRET involving europium ions, we will need a (quasirectangular) excitation pulse of the duration of 20 µs and an amplitude of 199 V to create the symmetrical Bell state B1. Operation of Scanning Microscopes at temperatures essentially below 10 K has been many times demonstrated (see, for instance, [26] and references therein). Such temperatures are quite sufficient for the experiments described below: for rare-earth ions in crystals the decoherence rate is increasing quasilinearly with the temperature in this range resulting in less than ten-fold increase when going from 1 K to 10 K [5, 27] .
By repeating this process with our "already entangled" donor and other acceptors of the sample, it will be possible to induce entanglement between many particles. In principle, for the decoherence time of a few milli-seconds and for the π/2-pulse duration of a few micro-seconds, the number of entangled particles can reach hundreds or even thousands. The schematic of the procedure is given in fig. 1b . Note that these quantum systems can be "extremely" nonlocal, since there is sufficient time to increase the relative distances between the entangled ions up to a few centimeters. They have an obvious connection with the famous Einstein-Podolsky-Rosen-Bohm's examples of the nonlocal entangled quantum system [28] . Quite analogously, it can be used for checking different nonlocality aspects of quantum mechanics such as Bell inequalities, Greenberg-Horne-Zeilinger equalities, and others (for further discussions, see [29, 30] ).
From the viewpoint of quantum computing, these controlled interactions can be viewed as the realization of the main logic operations with the qubits: single bit rotations, CNOT, Hadamard transformations, etc. (see, e.g., [17] for a review). The possible approaches are to a great extent similar to those discussed in different quantum computer proposals based on the controllable interactions of single spins [31] or atoms [12] , but they will be considered elsewhere. To give an idea, we illustrate one possible way to realize the CCNOT operator in fig. 1c . The recording of the computation results (reading) can be realized quite analogously to the ion-in-the-trap case by applying the resonance laser radiation on an appropriate transition of europium ion and recording the fluorescence [32] . As was already mentioned, each dopant ion is far away enough, that it can be independently addressed using near-field or even far-field optics. Note that the recording of the local optical density of states by virtue of the coherent near-field optical spectromicroscopy was recently demonstrated even for single quantum dot [33] . Having in mind the larger coherence time, this task should be easier in our case.
The consideration given can be detailed and generalized in many ways, and currently we are undertaking such efforts. However, these fine details of the coherent FRET interaction cannot change the main conclusions and proposals considered in the present study. * * * The research has been fulfilled with a partial financial support from the Swiss National Science Foundation, Grant No. 2000-065160.01 and the NCCR "Quantum Photonics".
